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We investigate the correlation between integrated proton-neutron interactions obtained by using
the up-to-date experimental data of binding energies and the NpNn, the product of valence proton
number and valence neutron number with respect to the nearest doubly closed nucleus. We make
corrections on a previously suggested formula for the integrated proton-neutron interaction. Our
results demonstrate a nice, nearly linear, correlation between the integrated p-n interaction and
NpNn, which provides us with a firm foundation of the applicability of the NpNn scheme to nuclei
far from the stability line.
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The importance of the residual proton-neutron inter-
action in the nuclear structure has long been emphasized
[1–3] in evolution of single-particle structure, the devel-
opment of collectivity, phase transition and deformation.
Based on this scenario, Casten suggested [4, 5] that a
simple quantity, NpNn, the product of valence proton
number Np and valence neutron number Nnwith respect
to the nearest doubly closed nucleus, is a reasonable mea-
sure for the strength of the residual proton-neutron inter-
action, and that this simple quantity is both interpretive
in classification of collective motion for low-lying states
and predicative in studying unknown regions. See Ref.
[6] for a comprehensive review. Recent developments and
applications along this line can be found in refs. [7–9].
In ref. [10] Zhang et al. suggested a very simple ap-
proach to extract the proton-neutron interaction of the
last proton with the last neutron (δVpn) for odd-odd nu-
clei by experimental data of binding energies of their
even-even neighboring nuclei, via a double difference pro-
cedure. This approach attracted much attention since
then [8, 11–16]. In the same paper Zhang et al. also
suggested a formula of the integrated proton-neutron in-
teraction (Vpn). They plotted the Vpn versus NpNn for
nuclei with mass number around 100 and 130. Their re-
sults showed that Vpn is approximately proportional to
the value of NpNn, with deviations for small NpNn.
Ref. [10] was published more than two decades ago.
At that time experimental data of binding energies to
perform systematic investigation of this formula were re-
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stricted to a limited number of nuclei. In the last two
decades piles of new experimental data of binding ener-
gies became available [17], due to the new radioactive
beam facilities worldwide. It would be interesting to re-
visit the integrated proton-neutron interactions and to
investigate whether or not there exist similar relations
between Vpn and NpNn for unstable nuclei. In doing
so, we suggest other formulas to extract the integrated
proton-neutron interactions.
Let us begin with the famous formula of the residual
proton-neutron interaction of the last proton with the
last neutron (δVpn) for odd-odd nuclei suggested in ref.
[10],
δVpn(Z,N)
=
1
4
{[B(Z + 1, N + 1)−B(Z + 1, N − 1)]
−[B(Z − 1, N + 1)−B(Z − 1, N − 1)]}, (1)
where B is the nuclear binding energy, both proton num-
ber Z and neutron number N are odd.
By summing δVpn over all the valence protons and va-
lence neutrons, the integrated proton-neutron interaction
Vpn for an odd-odd nucleus (Z+δp, N+δn) was obtained
by Zhang et al. in Ref. [10]. Their formula is given as
follows.
Vpn(Z + δp, N + δn)
= δpδn ·
Z
2∑
Zx=
Z0
2
N
2∑
Nx=
N0
2
4 · δVpn(2Zx + δp, 2Nx + δn)
= δpδn{[B(Z + 2δp, N + 2δn)−B(Z + 2δp, N0)]
−[B(Z0, N + 2δn)−B(Z0, N0)]}, (2)
20
20
40
60
0 50 100 150
0
20
40
60
0 10 20
0
5
10
15  
 
|V
pn
| (
M
eV
)
 
 
a)
NpNn
b)
 
 
|V
' pn
| (
M
eV
)
 
 
 
 
 Z=49  N=51
 others
FIG. 1: The integrated proton-neutron interaction versus
NpNn for the case of 28<Z<50 and 50<N<82. (a). |Vpn|
are obtained by using eq. (2). In panel (a) only odd-odd
nuclei are included. The insert here highlights deviations for
Z=51 isotopes and N=81 isotones. (b). |V ′pn| are calculated
by using our new formula, eq. (5). In panel (b) not only
odd-odd nuclei but also even-even and odd-mass nuclei are
included. The magnitudes of the integrated proton-neutron
interaction calculated by using eq. (5) is slightly smaller than
those obtained by using the previous formula suggested in ref.
[10]. One sees that the linear correlation between the proton-
neutron interactions and NpNn is not very good in panel (a)
but remains to be good in panel (b).
where Z0 and N0 are the nearest magic numbers, δp (δn)
is +1 if the valence protons (neutrons) are particle-like
and −1 if the valence protons (neutrons) are hole-like,
both Z and N are even numbers.
The results of Vpn by applying eq. (2) to odd-odd nu-
clei are shown in panels (a) in Figs. 1-3 (a), for nuclei
with 28<Z<50 and 50<N<82, those with 50<Z<82 and
50<N<82, and those with 50<Z<82 and 82<N<126,
respectively. The experimental data of binding energies
are taken from Ref. [17] (i.e., here up-to-date experimen-
tal data of binding energies are included in comparison
to Ref. [10]). These results of Vpn are consistent with
those shown in Ref. [10]: Vpn is proportional to NpNn
for large NpNn, and there are deviations from the linear
correlation for small NpNn. The inserts of Figs. 1-2 (a)
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FIG. 2: The same as Fig. 1 except 50<Z<82 and 50<N<82.
Panel (a) presents the |Vpn| calculated by using eq. (2), and
panel (b) shows the |V ′pn| calculated by using eq. (5). The
linearity is not very good (in particular when NpNn is small)
in panel (a) but remains to be good in panel (b).
highlight the details of such deviations.
We would like to point out that there are inadequacies
in the construction of the formula for Vpn (see eq. (2)
above) in ref. [10], which can be important for nuclei
with smaller numbers of valence nucleons. To see this,
let us apply eq. (2) to the 128I nucleus.
Vpn(
128I) = Vpn(53, 75) = Vpn(52 + 1, 76− 1)
= −{[B(52 + 2, 76− 2)−B(52 + 2, 82)]
−[B(50, 76− 2)−B(50, 82)]}
= B(54, 82)−B(54, 74)−B(50, 82) +B(50, 74).(3)
One sees that the above Vpn for
128I actually corresponds
to even-even nucleus 128Xe which has four valence pro-
tons and eight valence holes with respect to 132Sn. As-
suming the proton-neutron interaction is equal for all va-
lence particles, this Vpn equals 32× δVnp, while
128I has
three valence protons and seven valence neutrons and its
Vpn should equal 21× δVnp.
In order to correct the above inadequacies with eq
(2), i.e., for example, Vpn for
128I approximately equals
21 × δVnp but eq. (2) gives 32 × δVnp, we suggest the
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FIG. 3: The same as Fig. 1 except 50<Z<82 and 82<N<126.
Panel (a) presents the |Vpn| calculated by using eq. (2), and
panel (b) shows the |V ′pn| calculated by using eq. (5).
following formula for the integrated proton-neutron in-
teraction, denoted by V ′pn(Z,N). Let us define
S(Z,N) = B(Z + δp, N + δn) +B(Z + δp, N)
+ B(Z,N + δn) +B(Z,N). (4)
We obtain
V ′pn(Z,N)
= δpδn ·
Z∑
Zx=Z0+1
N∑
Nx=N0+1
δVpn(Zx, Nx)
=
1
4
δpδn [S(Z,N) + S(Z0, N0)
−S(Z0, N)− S(Z,N0)] . (5)
The philosophy to construct the above formula is the
same as that of Ref. [10]. Eq. (5) fixes the problem
arising in eq. (2), the problem of which is exemplified in
eq. (3). We also note that eq. (5) works not only for
odd-odd but also for even-even and odd-mass nuclei. For
nuclei with one valence proton (or one proton hole) and
one valence neutron (or one neutron hole) with respect
to the doubly magic core, eq. (5) is reduced to eq. (1).
Now let us look at |V ′pn| suggested eq. (5) in this paper.
Here not only odd-odd but also even-even and odd-mass
nuclei are taken into account. The results of |V ′pn| for
nuclei with 28<Z<50 and 50<N<82, and for those with
50<Z<82 and 50<N<82, are shown in Figs. 1-2 (b),
respectively. Very interestingly, one sees that the devia-
tions from the linear Vnp-NpNn correlation in Figs. 1-2
(a) does not arise in the V ′np-NpNn plot in Figs. 1-2 (b),
after our refinements.
Similarly, we show in Fig. 3 (b) the results of |V ′pn|
versus NpNn for the case of 50<Z<82, 82<N<126. One
sees that |V ′pn| versus NpNn remains to be good, except
slight deviations from the linear correlation arise for nu-
clei with proton number or neutron number close to the
nearest magic number. For these “anomalous” nuclei
(i.e., Z=80 and 81 isotopes, see Fig. 3(b) for details)
in Fig. 3(b), the values of V ′pn are slightly smaller than
those of “normal” nuclei.
To summarize, in this paper we examine the linear cor-
relation between the integrated proton-neutron interac-
tion obtained by using the up-to-date experimental data
of binding energies for relevant nuclei and the NpNn, the
product of valence proton number Np and valence neu-
tron number Nnwith respect to the nearest doubly closed
nucleus. We suggest refinements to the formula of the
proton-neutron interaction suggested in ref. [10]. The
new formula works not only for odd-odd nuclei but also
for even-even and odd-mass nuclei.
The proton-neutron interactions obtained in the
present paper exhibit excellent linear correlations in
terms of NpNn for nuclei with 28<Z<50, 50<N<82,
and those with 50<Z<82, 50<N<82. For nuclei with
50<Z<82 and 82<N<126, the linearity remains to be
good in general, although proton-neutron interactions for
Z = 80 and 81 exhibit very slight deviations.
Thus our results provide us with a firm foundation for
the applicability of the NpNn scheme to nuclei far from
the stability line.
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